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Motivation: understanding our understanding
as structure finding from an ambiguous data

("~ \

Word2ve a group of related models tH
word embeddings. These models shal
networks that are trained to nstruct lj

Data with | )
ambiguity ‘

Word2vec takes as its input a Iarge corpug
vector space, typically of several hundred
unique word in the corpus being assigned
the space. Word vectors are positioned in
words that share common contexts in the|
- in the space.!!]
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Structure finding Finding a rule
Perc.ep.tlon ObJect perception Grammar Hypothesis
of missing Metaphor/ building
structure analogy
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Outline & Summary

* [ propose n-gram algebra to characterize math. theory of n-grams.

* Motivation
* Considering grammar learning (AGL), not clear how n-gram statistics should be handled.
* Word vectors represent “semantic structure” as its geometric shapes e.g., “parallelogram™.
* To understand LLMs, n-gram algebra is probability useful.

* n-gram algebra
* n-tensor of non-negative real values with tensor convolution.
* Hierarchy of n-gram formed by 1deals.
* It integrates “distributional hypothesis™ and “universal grammar”.

* Analyzing Transformer as a n-gram estimator

Hidaka, S. (2025) Skip-bigrams reconstruct trigrams in 2-word languages. NLP2025


https://anlp.jp/nlp2025/

Motivation 1: Artificial Grammar Learning

* Sabbatical (2023) @ City, Univ. of London with Prof. E. Pothos

Psychological Bulletin Copyright 2007 by the American Psychological Association
2007, Vol. 133, No. 2, 227-244 0033-2909/07/512.00 DOL 10.1037/0033-2909.133.2.227

Theories of Artificial Grammar Learning

Emmanuel M. Pothos
Swansea University

Professor Emmanuel Pothos

Artificial grammar learning (AGL) is one of the most commonly used paradigms for the study of implicit gy Professor of Psychology
learning and the contrast between rules, similarity, and associative learning. Despite five decades of X
extensive research, however, a satistactory theoretical consensus has not been forthcoming. Theoretical 7 4 I School of Health & Psychological Sciences - Department of
accounts of AGL are reviewed, together with relevant human experimental and neuroscience data. The A Psychology— — U
author concludes that satisfactory understanding of AGL requires (a) an understanding of implicit -
knowledge as knowledge that is not consciously activated at the time of a cognitive operation; this could
be because the corresponding representations are impoverished or they cannot be concurrently supported

in working memory with other representations or operations, and (b) adopting a frequency-independent
view of rule knowledge and contrasting rule knowledge with specific similarity and associative learning
(co-occurrence) knowledge.

UNIVERSITY OF LONDON
EST 1894

Keywords: artificial grammar learning, implicit learning, rules, similarity, associative learning
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AGL task (in a typical form)

* Learning session: Participants go through a set of stimuli (with some
properties following some set of rules).

* Jest session: Participants answer whether each of new set of stimuli
follows underlying rules common 1n the learned stimuli.

* Analysis: They analyze what properties of stimuli or underlying rules
would predict their participants’ grammaticality judgements.

_ Learning session  __  Test session | oes “TX”
) > Stimuli to be learned follow the rule?
"VJOH
| "vITvIo" P

Finite state automaton
as an underlying

artificial grammar
(Knowlton & Squire, 1996)

"VJTVITVIO"

"VITVITVITVITXVITVTVJO"

"VITVJTVITVTO0" H
"VITVJTVITVXO0*

"VITVJTVITVXJIO" O
"VITVITVITXVITVTO"
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Is “chunk strength” reasonable?
(Knowlton & Squire, 1996)

* Chunk strength 1s defined by likelihood of test sequence given the
training sample.

* Psychological studies of AGLs often employ the sum of chunk
strength of bigram and trigram.

* I felt so uncomfortable to have “sum of bigram and trigram”, as they
are qualitatively different in general.



Motivation 2:

Why and how LLMs work so well?

* Obviously, 1t requires a whole lot of techniques,
but one of keys to build an internal architecture

1s the next token prediction task.
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‘ Explain how chatGPT processes languages.

=l _J < 22

ChatGPT processes languages using a deep learning model called a transformer, which is trained on
vast amounts of text data. Here’s a breakdown of how it works:

1. Tokenization (Breaking Down Text)

When you input a sentence, ChatGPT first converts it into smaller units called tokens.

* For example, the sentence “ChatGPT is amazing!” might be tokenized as:

[Chat, GPT, is, amazing, 1]

* These tokens can be words, subwords, or even individual characters depending on the context.

2. Encoding (Converting Words to Numbers)
Each token is then mapped to a unigue numerical representation called an embedding.
 This is a high-dimensional vector that captures semantic relationships between words

+ Similar words (e.g., king and queen) will have similar embeddings.

3. Context Processing with the Transformer Model

ChatGPT uses a transformer architecture, specifically a decoder-only model, te process language.

It has multiple layers of self-attention mechanisms that allow it to understand relationships

between words, even if they are far apart in a sentence.

The model assigns attention weights to different parts of the input to determine which words are

most relevant when generating the next word.

4, Predicting the Next Token
After processing the input, ChatGPT predicts the most likely next token based on probabilities
* It generates text one token at a time, choosing words that make the sentence coherent.
* The temperature parameter (if set high) increases randomness, while a lower setting makes the
output more deterministic.
5. Iterative Response Generation

s After generating one token, the model takes th W )dated text and repeats the process.

6. Post-Processing & Formatting
* The output tokens are converted back into human-readable text.

+ Any necessary formatting or special instructions (like avoiding offensive language) are applied

How Does ChatGPT Understand Meaning?
1. Pretraining on Massive Text Data — It learns grammar, facts, and general knowledge.

2. Fine-Tuning with Reinforcement Learning from Human Feedback (RLHF) — Helps it align

responses to human expectations.
3. Self-Attention Mechanism — Allows it to understand word relationships and maintain context over
long passages.
Limitations

* It doesn't "understand” language like humans; it predicts the most likely sequence based on

patterns.
+ Can sometimes generate incorrect or biased information.

* Struggles with reasoning beyond its training data.

Conclusion

ChatGPT processes language by breaking it down into tokens, understanding context through deep
learning, and predicting the best possible next words. This allows it to generate coherent and

contextually relevant responses, though it still has limitations in true comprehension. 7



Distributional hypothesis (Harris, 1954)

"You shall know a word by the company 1t keeps."

* What the word means 1s understood by its context words

29 ¢¢

* “she eats every morning. 1s a fruit.” accepts both “apple” & “banana”.

* Word2vec (Mikolov+, 2013) learns word vectors by “filling-in-blank™
problem, and construct “parallelograms™.

Input projection  output

ex ey = 1
oo AUNT QUEENS 1”(3”37) = bl . z)
/-' : > wew €XP(Vw * Uz)
MAN / \

UNCLE KINGS

wit-1)
wit)
QUEEN \ QUEEN B
wit+1)

KING KING
wit+2)
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Transtformer 1s likely to build
contexturalized word vectors.

* A series of updating of context through layers.

Output
Probabilities

Add & Norm

Add & Norm

([Add & Norm ] ‘
Add & Norm Mut-Head
Aftention
Nx
Ny Add & Norm
Add & Norm, Masked
Multi-Head Multi-Head
Attention Attention
it s it
J \ J
Positional a Positional
Encoding Encoding
Input Qutput
Embedding Embedding
Inputs Outputs
(shifted right)

(Vaswani+ 2017)

pancake

fow H coffee
hal ]

(breakfast)
Q)

few

pancake (B) \
—
coffee ™ E ________
B

(Geva+ 2022)

fruit, apples,
snack, vitamins,
berries, oats,
yogurt, tea, ..
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LLMs process higher order statistics as whole,
while 1t process second order one locally.

* General observation
* LLMs seem to process more than pairwise (2-gram) statistics as a whole.

 However, LLMs processes only pairwise statistics (i.e., inner products) in each step and layer.

* Theoretical background

* Bigrams are NOT sufficient in general to infer all the statistical structure in 3-grams.

* A high order statistics such as probability over trigrams P (X, X;_1, X
cannot be reduced to any set of skip-grams P(X¢, X¢_1), P(Xt,Xt 2), P(Xt 1, Xt_») in general.

* Two scenarios on natural languages and their coding

* HO: Languages are simple enough to be coded by bigrams.
« H1: Skip-bigrams are complex enough to code languages.

* There is some unidentified theoretical pathway to connect a set of skip-bigrams to statistical structure
over 3- or higher n-grams.

n-gram&E A (HEE ) @ #1338 A TRIsEE AR 3T = (SIG-FPAI)
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https://automaton-
media.com/articles/newsjp/voxelgram-2-
20250311-331077/

12



Hypothesis: n-grams can be decomposed
into skip-bigrams.

* Questions

* Can we estimate trigram or higher n-grams from a series of “skip-grams”?
» Skip-grams (Mikolov+ 2013)

o pairs of words (X;, X;—1), (X¢, X¢—>»), ... are said skip-grams for a series of words
Xt Xi—1,X¢—9, ..., and they have been used as a form of inputs to word vector models and
LLMs.

n-gram&E AR (A B FEF) @ F133E A THBEEARRIZENT 724 (SIG-FPAI) 13



What is the relationship between skip-grams and

trigram probabilities?

* Hypothesis: an essential isomorphism between a series of

m-shiftgrams and trigram.

* m-shiftgrams P(X¢, X¢_.,) (m = 0,1, ...): a mathematical notion formalizes

“skip-grams”.

* (-shiftgram = unigram, 1-shiftgram = bigram, 2-shiftgram = 1-skip-gram, and so forth.

* Is 1t possible to reconstruct trigram from the series of bigrams?
* Forward: Given Ps over trigrams, one can compute m-shiftgrams for any m.
* Inverse: It 1s unclear whether a set of shiftgrams 1s enough to identify 3-gram.

N

Forward

0-shiftgram

P (Xt X¢)

P(Xt' Xt—lr Xt—Z)

1-shiftgram

P(X¢, Xe-1)

— 2-shiftgram | P(Xe, Xt—2)

trigram

<Reconstruct ) 3-shiftgram | P(X;, X¢-3)

n-gram&E A (HEE ) @ #1338 A TRIsEE AR 3T = (SIG-FPAI)
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wear(F)

A mini corpus
with 3-gram statistics =

wwwww eat(P)

)
13:9 IIIIHHHHIII“*»\\\\ II!!MHIHIII

* Corpus with 11 words “man”, “waman kzng , ‘queen”, “live”,
“wear”, “house”, “palace”, “tie”, “dress” and period “.”

* Grammar
* Any of the 4 subject nouns “man”, “woman”, “king”, and “queen” follows
* Only one of the 2 verbs “live” or Wear” follows each noun.

* Each of the 4 object nouns “house”, “palace”, “tie” and “dress” follows after a
particular SV combination: “king live palace”.

* The period “.” follows any VO pair, and some subjective noun follows “0O.”.

e Outcomes:
* Only 8 sentences appear in this corpus with some probability: 'KLP.”, 'KWT.’,
'MLH.”, MWT.’, 'QLP.”, 'QWD.’, 'WLH.’, and '"WWD.".
Tori1, Maeda, & Hidaka (2024) Distributional hypothesis as isomorphism between
word-word co-occurrence and.analogical parallelogram. PLoS ONE 19(10): e0312151.

29 ¢¢

¢ 9
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https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0312151
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11 x 11 conditional trigram matrix

P(X¢ | Xe—1,Xe—2)

Man

Woman

King

Queen

Live

Wear

House

Palace

Tie

Dress

aExxco-dzTaorko ¢
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114 x 117 trigram transition matrix

P(Xe, Xe—1 | Xe—1, Xe—2)

08

08

07

06

05

— 04

=03

02

— o1

EEEEEEREELCE
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11 X 11 conditional m-shiftgrams P(X; | X;_.,,)

1-shiftgram 2-shiftgram 3-shiftgram 4-shiftgram
Man 0.06 Man 0.12 Man 0.06 Man
Woman Woman Woman Woman
King 0.05 King 0.1 King 0.05 King 02
ueen ueen ueen ueen
Q 0.04 Q 0.08 Q 0.04 Q
Live Live Live Live 0.15
Wear 1003 Wear 10.06 Wear 10.03 Wear
House House House House 10.1
Palace 10.02 Palace 10.04 Palace 10.02 Palace
Tie Ti Tie Tie 1 0.05
Dress 0.02 Dress 0.01 Dress
| |, I |, | i
SEP5258 8 27 SEP525882¢8 S5P525882¢8
SEZSS23s 2 SEGSASESTE SEZSSgEsFE
§Mo =2F A gMo =2F A §Mo«' =2 A

Conditional: each column-sum 1s normalized to be 1.

Joint (omitted): non-negative vector, matrix or tensor.
Most of (joint) tensors is defined over non-negative cone,
while conditional tensors is a projective space of it. -

n-gram=s {2 (HE R @ 58 133E] KN T ATE AN e il 38 = (SIG-FPAT) 18



Quick mid summary

* Question: 1s 1t possible to represent n-gram by some set of m-
shiftgrams?

* Probably, yes: Demonstration of m-shiftgrams, with which it found
geo. shape by a small toy corpus.

* A set of m-shiftgrams seems to sufficiently represent n-grams, as its shows a
characteristic parallelopiped of “man-king-woman-queen”.

* [s this finding generalizable? = math analysis of m-shiftgrams.

n-gram3& (A E (H B R F) @ 51338 A TH 88 E AR E 78 = (SIG-FPAI) 19



Trigram probabilities as a third order tensor

dolo0 do|10 do|20
@\ 41|00 d1|10 41|20
@ @ d2)00 d2)10 d2)20

\ do|22
do|o1 do|11 do|21
99/ d1)01 d1)11 d1)21

Y
oy

d2|01 d2|11 d2|21

%/ Q\&Q do|02 do|12 do|22
<0

2 d1)02 d1)|12 d1|22
/L

N
O Q@Q’
d2|02 d2|12 d2|22
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\’1'\’ 2.0:q;
Tensor reduction
along each
dimension
upigram

obabilities as a third order tensor

I, B aoroo_ N aor_w_ - do|20
[ [ S
d1|00 d1|10 1|20 | |
d2|00 d2|10 CI2|20\A| ofremaining |
| |
AR e ~ T free variables
dojo1 do|11 1 . n
: lis (K —1)",
I 4101 41|11 d121 : after ﬁXing :
92|01 92|11 92|21 :unigram, 1-
'and 2-shift-
qo|02 qo|12 qo|22 : gram :
d1|02 d1|12 d1|22
42|02 d2|12 d2|22
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\’1'\’ 2.0:4q;
Tensor reduction
along each
dimension

hiftgram

obabilities as a third order tensor

I doloo do|10 do|20
[l
d1)00 d1|10 1|20
4z]00 210 qzlzo\,ﬂ: of remaining
| .
A free variables
.
do|o1 do|11 1 ! i (K . 1)n ,
| .
d1j01 q1]11 q1]21 1 after fixing
l .
92|01 92|11 92|21 : unigram, 0O-
! and 1- skip
do|02 do|12 do|22 ' Bigram,
L e o e e e e -
d1|02 d1|12 d1|22
42|02 d2|12 d2|22
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Mathematical notations

* 1, := {1}* is k-dimensional one vector.
* 0, := {0}* is k-dimensional zero vector.

e = (0/_1,1,04_;) € {0,1}* is k-dimensional i-th unit vector.

e [, =YK, ek,iel,i € {0,1}*** is k~dimensional identity matrix.

* Sp_q = {x ERF|1lx=1x> O} 1s (k-1)-simplex 1n k~-dimensional
vector space.

o S7t 1 =1{(xq, ., ) | x; € Sg_1 } is a set of matrix with m tuple of (k-1)-
simplex vectors.

¢ ®:RMoxMo x RM1XN1 — RMoM1XNoM1 g the Kronecker product of two
matrices.



Math Formulation 1:
n-gram probabilities over k£ words.

* Conditional 3-gram probability tensor over 2 words {0,1}

(n=3k=2):
. L __(40]00 90|10 |90|01 CI0|11) -1
Q3= (400 q10/q01 q11) = (CI1|00 d1)10 [91]01 9111 € Sk-1 -

do|ij s : —
* qij = (‘h:Z) € Sy—_1. With identity Q3 = (1, & I;) Q..
* 3-gram transition probability matrix:

(t,t —1):

(0,0) (1,0) (0,1) (L) :(t—1,t—2)
(0.0) /q0100 O qojor O

.5._(6100 Or Qo1 OR)_(LO) di00 0 G101 O c k™

3 Ok g0 O 411 _(0,1) 0 qoji0 O qojor L

(1,1) di110 0 q1jo1



Math Formulation 2: (n-1)-gram prob. tensor 1s
1Isomorphic to stationary vector of n-gram prob. tensor

* 0, = 53 0, € S, n-1_; denotes stationary vector of 53:

/CIO|00 0 qojo1 0\ B00 B00
— qi00 O qi01 O | 64 010
° 9 = == — 9 € S n— .
st 0 do|10 0 dojo1 001 001 ? kPT-1
\0 d1110 0 CI1|01/ 011 011

. e H H n— n—
e Lemma 1: Any joint 2-gram matrix ©, = ( 00 01) e RE" Xk
satisfies 53vec(®2) = vec(0,) = 0,.




Math Formulation 3:
Recursive construction of lower n-grams

Boo  0o1
_ 010 011
stationary vector of Q,: Q,vec(0,) = vec(0,).

» 2-gram joint probability tensor 0, = ( ) e RE"OXK"TE §g

* I-gram joint probability tensor 6; = (8, Hl)T_E RE™ ™ is
stationary vector of Q., :== 0,diag(031,)7*: 0,6, = 0.



Time-shift invariance of stationary vectors

 Def: n-gram is time-shift invariance if P(X¢, Xe—1, oo, Xp—pp1) =
P(Xi—1,X¢—p, e, Xp_y) forany (X, ..., X)) € {0, ..., k — 1}+1

* Def: n-gram vector 8 € Syin 1s (n, k)-stationary, if there 1s a transition
. n
matrix Q € S’,ﬁn_l s.t. Q0 = 0.

* Lemma 2: Under ergodic condition, (n, k)-stationary n-gram prob.
tensor implies (n — 1, k)-stationary (n-1)-gram prob tensor, which 1s
t.s. invariant.




Hierarchy of stationary vectors:
m-shiftgrams may give a minimal representation.

Marginalization/ Transition (convolution *) with Q.
sub-stationary
2\
4-gram Ot-1,t-2,t-3 € Spa_q Or+1,te-1,6-2 € Spa_q

)

trigram O ¢ g2 = Op_1¢-2t-3 Orr-20-3  Ore-16-3 € Spzy

A set of m-shiftgrams
————————— > can encode independent
tt-3 € Sk2_1  (non-trivial) information.

> 1-gram 1s degenerated
for ergodic Markov process.

"\ unigram

Unigram-shared
transition matrix

n-gram#¥ A2 (H B FF) @ 5 133[E] A THIseE A EREA 3T = (SIG-FPAI) 28



3-gram probabilities over k£ words
to m-shiftgrams

* m-shiftgram probability matrix for n-gram conditional tensor Q € RE™.

T .
* Sm = MZ,nQn diag(vecO,_1) My p.

* Marginalization matrix: My, , = 13n-2 @ I.

Bo0 6
* So = diag(vecy),S; = 0; = ( 0 01)’52 N (

3-gram tensor
Q3:= (900 910901 911)

3-gram transition matrix

53 (QB = Ml’g,nag)

N

910 911

90.0
91.0

90-1)’E REXK
91.1

2-gram transition matrix
vec®, = 53vec92

52 = 0,diag(051;)™*
S1 = 0, (1-shiftgram)

B

1-gram transition matrix

0, = 6291
S, = diag(8,) (0-shiftgram)

N

m-shiftgram form > 2:

—m
Sm = M , Q. diag(vec®,_1)M, ,

n-gram&E A (HEE ) @ #1338 A TRIsEE AR 3T = (SIG-FPAI)
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Properties of m-shiftgrams 1:
1-gram sharing

* Any m-shiftgram S,,, for a given Q,, and any m = 0 holds:
¢ S..0, = 0, where S,,, = S,,,diag(5F1,)71.

* It implies any m-shiftgram for the same n-gram tensor Q,, share the same unigram
vector as its stationary.

* Corollary 1: any m-shiftgrams has 1-gram as its component.
e S..(B) = 0,0] + diag(8,)ABAT diag(8,),
where Ay = (ag 1, A2, ) A1) € {—1,0,13**&=1) denotes anti-one matrix,
a; = ey i1 — €k € —1,0,1% denotes anti-one vectors
with some matrix B € R(k~Dx(k-1)

* It explains why Pointwise Mutual Information (PMI; Church & Hanks,
1990) is useful. PMI=S,,, — 6,67
* Many studies in NLP implicitly employ (log-)PMI as its Dpreprocess of bigrams.

n-gramZE AR (HEEY) @ £133E0A T E ARBER FT(
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Properties of m-shiftgrams 2:
time-shift invariance q¢ ¢— = Qetst+s—m

* Any m-shiftgram §,,, for a given Q,, and any m = 0 has a set of
variations:

* Smai = My ,;Q. diag(vecO,_1 )My i+a-m-
* Mk,n,i = 1ki 03¢ Ik 03y 1kn—2—i.

* Smai = Sm forany i,m,d = 0 such that
max(0bm—d) <i <min(n—2,n—2—d + m).

 This properties follow the nature of the stationary vector.



Hierarchy of stationary vectors

Marginalization/ Transition (convolution *) with Q.

AN

N

Unigram-shared
transition matrix

sub-stationary / N

4-gram Ort—1t-2t-3 € Spa_q Ors1tt-1t-2 € Spa_q

)

trigram — Opy_1¢p = Or_1¢2¢t-3 Ore-2t-3  Ore-1t-3 € Sp3_4

» m-shiftgram

unigram 0p =01 =0t 2=0;_3ESp1_4



A set of equations of m-shiftgrams 1:
linear equations

* Linear equationsuptom < 2 fork =2,n =3 marginalization Pt¢-1.-2 € Si-1
l

S, 1 @ I ® Iy @O || hOL®1 || L®1E®L
4 N
o Sz — Ik ® 1’;; ® Ik VeC(Q3). Ot 11 = 91&—%1&—2' Ott-1 € Sy3_4
S S S
T 1 1 2
51 L @I, ® 1%

* The root of this equation is with any arbitrary X € RF-D"
vec(Q3) = (4, ® Ar ® A,)X + Y, with anti-one matrix A, € {—1,0,1}*&k-1)

oV = (A ) ® (L + Ay ) @ (L + 4by ) — Ay ® Aoy @ Ayt
(1 ® Ak @ A + Ak ® A ® 10by + (4 ® 1, @ A)by),

w1th Ay = A (AT A) AT vec(S;) = 6, ® 0, + (4, ® A )b, fori = 1,2
(Cor. 1).

n-gram AR (BB EF) @ F£133E A LHIAEE AR B 2 2 (SIG-FPAI) 33



— e

For m > 2: the vector space e o
spanned by convolution

kn—l

* For Q, E_Sk—l ) Hn = VeC(QnG)n—l) with Op_1 = diag(gn—l)’
0h-1 = Q,0,_1, m-shiftgram 1s

Surm-z =l ® 1n-2 [ 1) (6711017 0,-1) ® 1 | 0

* It naturally induces/a tensor-eonvolution from right hand side
(Ik ® 1kn Z)Xm — (((Qn x Qn) * Qn) x ) x Qn
— (@n11Qm 1® 1)T

Tensor convolution x: RK" x R¥" — R¥" is defined
for Q = (qi1i2---in—1)’ R = (riliz...in_l) by (Q * R)iliz...in_l = (ql,iz,...,in_l' ) qk,iz,...,in_l)riliz...in_l'
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For any two 3™ order tensors, P = (P;jx), Q =
The star product (convolution) is defined by

(P*Q)ijk = X1 PujQujk -

(Qijk ),

If P = Q = (qy)x), the star product updates
the transition probability

(th+1|Xt:Xt—1  AXe|Xe—1. X2 ) X111 Xe-1.Xe—2
n=3 PX._ 1'Xt 2) PXe X1, Xe—2) P(Xpy1, Xeo1,Xe—2)  P(Xpq, X1, Xi2) -

comglutlon com@utlonQ Q con\glutlc(fQ Q) Q

reduction 211 /l /M

m-shiftgrams
P(Xt) P(thxt_l) P(thxt_z) P(XtIXt_g)
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-0 Shiftgram equations (n = 3) o=l
V4 / - - -» m-shiftgram
e LN te-1 t-1,t-2 t-2t-3 UGreo2 ey tt—

e

inear equations =, TR - T - ——— - 2=-
/S, /.' 1, @ I ® Iy }\ ________ et
- 52\ L ®L®L T 7
o Sl — I\~_I_k_®_1_k_@}z;_-’l Veg(Q/ )
(17 O T  \v 1T h ns
(I @ 13n-2) X2 @Iy | -

53
\Sf/ Q(Ik ® 13n-2)X2 QI |

_______________ — T
. — -1
. € ‘_-( n—-1¥n G)n—l)
* The next question is whether the tensor convolution X;;* kept producing a
“new” component constraining Q,,.

* In other words, what is the (right) ideals of this convolution?

* Right ide}?l I of aring R 1is a sub ring closed under addition, and satisfies [ x r = [ for
any r € K.
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Ot t—1,t-2,6-3 € Sk4-1 Or1,tt-1,6-2 € Spa_y

n-gram tensor Ay

as a non-associative algebra "\ S\

=0, =0, =05 €S,
* Npp:i= (S’,ﬁill, +,*) 1s an algebra without associativity of its product.
* N;, x is a commutative group under +.
* N, x is a monoid-like without associativity under *.
* But only convolution we consider is right-most product ((Q *x Q) * Q) *x Q.
* N, g is distributive: (Qg + Q1) * R = Qg * R + Q1 * R.
* N, has a scalar (real value) product.

* Theorem 2 (conjecture): iIsomorphism theorem of n-gram algebra
* Any 1deal of n-gram ring N,, ;. 1s isomorphic to some N, , form < n.

* This theorem implies “irreduceable” n-gram algebra, which 1s not isomorphic to
any N, , for m < mn, 1s learnable through a set of m-shiftgrams.
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Subalgebras of n-gram algebra N, k-

l-gram-------"> _ X L

2-gram - ---= > " ',‘ ______ N K
3-gram — '

4-gram \ \ \

Q4:€ Ny,
\(CIooo CI100|CI010 CI110|CI001 CI101|CI011 d111

= (CIooo CI100|CI010 CI110|CI001 CI101|CI011 CI111)
do|000 90|100 |90j010 90|110 |90]001 90|101 [90|011 G0|111

d1)000 91|100 |91|010 91|110 |91]001 91|101 [91|011 91|111
Qoo_[Q10 |Qo1 [Q11 ) = (%00 CI001|Q100 CI101|Q010 CI011|CI110 Q111)

Roo|R10|Ro1|R11) = (7”000 7"100|7”o10 7"11o|7"001 7‘1o1|7"011 7‘111)

Qs * Ry = (Qoo_rooo Qoo_r100|Q107”010 Q107"110|Q017"001 Qo17”1o1|Q117"011 Q117"111)
= (Qoo_R_oo |Q1o_ R_10|Qo1_R_o1 |Q11_R_11)

* The “copy” subset S := {Q4 | 900 = Goo1} is subalgebra:
* IfS,, Ry €S :={Q4 | 9000 = G001}, S4 + R4 ESand S, xR, € S.
« S:={Q,| Qijo = qijl} for i,j € {0,1} is a subalgebra isomorphic to N3 ,. (3-gram)
« S:={Q,| Gijo = qij1 Vi, j € {0,1}, go00 = {010} is a subalgebra isomorphic to N 5. (2-gram)
« S:={Q,| dijo = 4ij1,ot0 = Go10Vi,Jj, L € {0,1}, goo0 = 100} is a subalgebra isomorphic to Ny 5. (1-gram)
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Simultaneous 1dentification of
subalgebras and probability parameters.

* Unknown probability tensor Q,, can be 1dentified (up to finite) by the
following equation, but the rank of W,,, (X;;') depends also on Q,,.

51\ / 1 ® I ® I \
gz e ® 1) ® Iy
1 T
I I 1
Sy | = W vec@), Wy = |, KB ® L
54 (I ® 1k" 2)Xn @ I

\Sm / \(Ik ® 1,\,,,1.2))(2 R I, /



Emergence of Clifford algebra:

every equation is written with exterior A and inner product -,
which roughly means the the root of the equation is represented by geometric objects (points, lines, ..) or simplicial complexes

Lemma 8. There is some matrix A = (ag, ay,as) € R3*3 such that

(A — (000, 001, 002)) (Goo, 010, 020) = 03,3
(A — (010,611,012)) (Bo1,011,021) =033 (93)
(A — (020,021,022)) (Bo2,012,022) = 033

where 1:91-3; = I, if there are two triplets of the set of vectors

({(10,0,(_!0‘1}. {(.}51‘0,(11,1}._ {QZ,O:(-Y-Q,I}):({d_f],f]adﬂ,l}:{dl,ﬂadl,l}: {dz,o_.,dg‘l}) S R3x3 such
that for i = 0, 1,2, each of the set {c; o, ; 1} and {d; o, d; 1} is linearly independent, and

A — (0:0,0:1,0:2) = v ! 94 . :
A part of proof (B0, 611, 6:2) j;l(]f %0 O3 This quadratic form

ss1 There are two cases: In Case 0, the set of two vectors di'}0 (i, 014, 02;) , (i,i"l (Aoi, 01i,69;) is linear  1ndicates a i 1s a “SthI‘G”
a2 dependent, and in Casel, it is linearly independent. By Lemma[9, Case 0 implies

(dio ANdiq)-(6oi NO1i) = (dip ANdi1) - (01i A O2i) = (dio ANdin) - (Boi N b2;i) =0, (99)

363 Wwhere A 1s the exterior product.

degerated into a line (co-linear).

T T T T T
Boi A O1i = (ai — aojeg idoj) A (ai — oajey idij) = (o jegidos — a1jegdij) A ai + ooy doj A ayjey idi ;.
00)

364 Thus, eliminating a;, we have

T T T T T T
(dioNd;y) - ((_l()’jek,t-dg,j Ny jeg dy g — ag e doj N ag ey dy g+ oy jeg doj A azjek’idl,j) = 0. .
(101)
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N-gram to geometric algebra, WHY?
Geometric algebra ~ multilinear algebra

* Schur-Weyl duality

* Space of multilinear maps = Tensor space =,4jin Symmetry group

* Roughly speaking, ...
* Any multilinear map 1s representable by some linear map from tensor space.

* Any tensor space can be well decomposed by “symmetric” and “anti-
symmetric (alternating)” tensors, and such decomposition is closely related to
conjugacy classes of some symmetry group.

—____——___~~
- -

¢ MOI’@ SpeCiﬁcally, c o e Transition (convolution ) with @y~ ~
* Marginalization (sum/ averaging) ~ symmetric tensor component. :
* Anti-one ~ anti-symmetric (alternating) tensor component.




Summary & future work

* [s any n-gram finitely identifiable with m-shiftgrams?
Yes, up to isomorphism (to be proven for sure).

* Conjecture

* For any k-word & n-gram language, a set of 0- to (n+k—2)-shiftgrams 1s
sufficient (and necessary in general) to reconstruct n-gram probabilities.
(under category equivalence)

* A new type of complexity integrating the spatial (k) and temporal (n) complexity.

e Future work

e Complete the proofs.

* Perhaps developing this math leads “n-gram algebra”, which characterize basic
natural linguistic operations.



Findings and speculations

* “Pointwise Mutual Information (PMI)” 1s explained.
e S, (B) = 0,01 + diag(8,)ABAT diag(8,) (Corollary 1).

* A non-associative algebra for general hierarchy of n-grams.
* It 1s like a “onion skin pealing” to decompose n-grams into lower m-grams.

* This requires “almost-linear but a bit nonlinear computation”
(like order reasoning as Boolean module).

* An integration of “distributional hypothesis” and “universal grammar” |

* n-gram languages are representable by a “distributed basis” spanning its
probabilistic tensor space.
* Encoding: generating sentences by a n-gram.
* Decoding: identifying the (minimal) basis of tensors by a given sample of sentences.
* Algebra (coding principle): a “grammar” of the language.
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Putative computational implementation

* Subspace (attention)

* Evaluation (decode)
* Lossy code recovery/ Correction (contextualization)
* Eigenspace i1dentification

* Generation (encode)

* Completion (prediction)



Sre7  Mr. A. Maeda
&t (Ph.D. Student

Do LLMs decode n-gram algebra? X

&)
./ inJAIST)

* Solving a general set of m-shiftgrams for n-gram probs over k words

needs to solve a series of “nonlinear eigenvalue problems.”
* Power method to numerically compute eigenvectors of a matrix A =: A4

Ai Xit _ 1 R — T
* Xiprr =, Qe = |[Axie| and yp = lim xg e, 4 = lim ag e, Ay = A — ayiyy
it t—oo t—oo

* “nonlinear power method” 1s like Transformer (Vaswani+, 2017).
* In each layer of Transformer, word vectors in FFN layers may decode the

L]
difference between n- and (n-1)-grams. e
768RIT ws&wg
— PE IS
POSZ2RY 4 U £47 v
(@~ L) [
| Wyo: R768 5 R 768
768°RTT = '
2 T
Woyr: R3972 5 R 768
T FENE T hmAmRE
=a2=CN M
= mN:R7E54R3072 768*775

(BUH, &F, BE, #F< £, KB, £FE @NLP2025)



Thank you for your attention!
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